Fermionic long range correlations realized by particles obeying deformed statistics 
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Deformed exchange statistics is realized in terms of electronic operators. This is employed to 
rewrite Hubbard type lattice models for particles obeying deformed statistics (we refer to them 
as deformed models) as lattice models for electrons. The resulting models show up gauge-like 
modulations in the hopping processes, which induce long-range correlations in the lattice. The 
conditions for the Bethe ansatz solvability of the latter are interpreted as restrictions imposed on 
the statistics to be compatible with the Bethe ansatz solvability of the deformed models. It is found 
that solvable deformed models are not unitarily equivalent to fermionic models if the exchange of 
particles with the same spin-orientations is deformed. Statistics deformations, where the exchange 
relation of two particles is influenced by the presence of other particles, cannot be realized by 
fermionic operators. 
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The statistics of degrees of freedom drastically affects 
the physical properties of a many-particle system. Be- 
sides bosonic and fermionic statistics, a continuous fam- 
ily of intermediate statistics serves to explain important 
effects involved in two or one dimensional physics. Re- 
markably, in I? = 2, excitations in the fractional quan- 
tum Hall effect can be described as anyonad'B. One- 
dimensional systems can occur either because only one- 
dimensional dynamics is allowed in the system (even if 
the system lives in higher dimensions) or because the 
samples are indeed one-dimensional (like quantum wires, 
carbon nanotubes, systems with charge density wave or- 
der, etc). In the present paper we shall focus on deformed 
statistics in one dimension. 

Defining arbitrary jStatistics in one dimension exhibits 
several peculiaritieaj. In particular, imposing the statis- 
tics in one dimension can be interpreted as a "continuity 
condition" on the wave function (arising from the set of 
coordinates such that two or more particles coincide) , fix- 
ing its symmetry. One dimensional fractional statistics 
arises since this constraint on the wave function can be 
imposed arbitrarily. Explicit realizations of 11? fractional 
statistics quasi particles, formulated in "first quantiza- 
tion", are the eigenstates of Calogero-Sutherland mod- 
els. 

In Refs. ^ and ||, the notion of Deformed Exchange 
Statistics (DES) was defined as a specific deformation of 
electronic commutation rules (in second quantization). 
Mathematical aspects of this type of statistics have been 
also studied in Refs. ||J^. We applied DES to investigate 
how robust is the solvability by Coordinate Bethe Ansatz 
(CBA)&EI of the XXZ and the Hubbard model with re- 
spect to such a modification of the particle content (we 
have called those DES preserving CBA solvability Solv- 
able DES). _ 
Following different physics, H. Schulz and B. S. ShastryEHl 
have included long range correlations in the Hubbard 
model through a gauge-like modification of the kinetic 



term of the Hamiltonian. In Ref. ^ we have extended 
the CBA solution of Schulz- Shastry models to models 
where more general forms of the correlation have been 
considered; characterizations focusing on CBA solvability 
of such kind of correlated models have been reached. The 
Bethe equations arising from solvable Schulz-Shastry 
type models show that the long range correlations induce 
a twist in the boundary conditions. 

In the present paper we show that the solvable de- 
formed Hubbard model (without Schulz-Shastry type 
correlations) is equivalent to adding correlations similar 
to those discussed by Schulz and Shastryll3 to the un- 
deformed Hubbard model. We prove this realizing DES 
operators by composites of electronic operators. Using 
the results of Ref. [l^ we can characterize DES which 
preserve the CBA solvability of the undeformcd model 
(see Eq (0). 

Particles obeying DES have creation and annihilation 
operators obeying the following deformed commutation 
rules: 



flafk,a' + Qj',k fk.a'fla = ^3,k a' , (1) 
hJk,a' + Q^f fk,a'ha^O, (2) 

Such an algebra is consistent for non trivial Qj.k if: 
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Furthermore it will be postulated 



U 7,cr 



'-3,k 



= 



(3) 



(4) 



The operators I'j.o- = fjcrfj,<^ particle- number op- 

erators. Note that the relation (||) is formally analog to 
quon commutation rules (called q-CCR in Ref. ^), where 
relation (^) howejier cannot hold except for the fermionic 
and bosonic caseli3. Here, in contrast to the quon alge- 
bra, the deformation parameter depends on site and spin 
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indices (j, a\k^') (this statistics is of the type called qij- 
CCR in Ref. |). 

The Equations (||) and (|^) guarantee that the particles 
are representations of the permutation group Sn and 
ensure the validity of the standard commutation rela- 
tions: [Vi,a,Vj,a'] = 0, [Vi^a,f]„-] = Stjda,cr'flcr', and 



-SijScr^a' fj,cr' ■ This providcs a well defined 



Fock representation of the algebra defined in Eqs. (pj) and 
(i- 

The key observation is that the DES defined by 
Eqs. (]l|)-(Q) are representablc using operators which are 
composites of electronic creation/annihilation operators. 
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where, without loss of generality, A vanishes for any two 
coinciding index pairs and is symmetric in exchanging 
arbitrary index pairs behind the semicolon. The num- 
ber operators remain unchanged after this realization: v 
transport into the number operators n for fermions. The 
resulting deformation parameters are 



Q^^'=expz[(A^/-A^^' 
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From Eq. (|^) it is seen that no deformation occurs iff A is 
totally symmetric in the index pairs. Thus, it will be as- 
sumed being antisymmetric in exchanging one index-pair 
behind the semicolon with the index pair in front of it. 
This already implies that A vanishes if it has more than 
two index pairs. The deformation parameter expressed 
in terms of the parameters A's in Eq. (|^) is 



exp 2iA^.j'^ — exp —2iA" 



(7) 



As a consequence it is impossible to represent correlated 
DES (that is DES with 2°^'^ being a functional of nm,f_i) 
through the realization (^). 

Before we continue the discussion of DES, it is worth- 
while noting that a totally symmetric part in A creates 
correlated hopping (without changing the statistics of the 
particles). For this reason, the fermionic hopping term, 
which is created by the realization (||) of the degrees of 
freedom of the deformed Hubbard model is calculated for 
general A: 
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i+l,a 



h.c. 



(8) 



where //_^ (cr e {T,i}, or equivalently a e 

{1/2,-1/2}), obey the deformed relations (|l|) and (|). 
The two contributions in the Hamiltonian are the hop- 
ping term (the t-term) and the Coulomb interaction term 
(the ?7-term). Now we realize the operators fj^ through 
electronic operators, using Eq. (^. Then the ^-term 
in (0) is rewritten as 



(9) 



Taking explicitly account for the subrelevant parts, i.e. 
the terms in which the number operator nj,„ appears, 
this is equivalent to 

(10) 



where A is the same as A except that A,l,' y — 
. We find that the solvability conditions obtained 
in Ref. Ill] are all fulfilled for A and hence the boundary 
phases are then given by 



(11) 



Hence we obtain as result that a totally symmetric part 
can always be gauged away without residual boundary 
phase. 

Now we continue the study of DES. That means we 
now restrict ourselves to antisymmetric A^'^„. All pa- 
rameters with more than two index pairs are zero. 
Since the electron number operators coincide with the v 
operators, the f/-term in (||) coincides with the Hubbard 
Coulomb interaction: U T^.- nijUj, i . Writing the i-term 
in the form used in the Rcfs. |lo| and |l^, namely 



E |c]+i,^Cj-,'Texp(i7j(CT)) X 

X exp|^i^(aj,i(cr)ni + Aj,;(a-) 



h.c. 



we can compare with Eq. ^ , and the parameters can be 
identified being 



73i'^) = -Aj_fi.^., 
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(12) 
(13) 
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The deformed Hubbard modeJris CBA solvable if the fol- 
lowing conditions are fulfiUedllil: 
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amj+i(-cr) - am,j{-(y) = Q!j,m+l(o-) - Q;j>„(cr), (15) 



2(a: 



7n+l;m- 



7n;m+l 



rn — l;m 



)(iV<,-l). (23) 



A„j+i(cr) - A,„j(cr) = ylj,„, + i(CT) - Aj,™(cr) (16) 
for m ^ j, j ± 1 . 

These conditions for CBA solvability can be expressed 
directly in terms of the deformation parameters Ql^'f' as 



^j",fc+l^i+l,fe _ ^ 



(17) 



for fc 9^ j, j ± 1 V cr 7^ o-'. 

If the conditions (|l^) are fulfilled, the Bethe equations 
for periodic boundary conditions are 



A<s>, -nr i(sinpj- - Ca) - 37 
HKsinp,-Ca) + |^' 



(18) 
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r »(Ca - Cb) + i _ rr - Ca) - 



-i *(Ca - a) - i 



n 



\ i(sinp, - Ca) + 37 



where the boundary twists are given by 

:= 4>{a) + 4>fl{a)N^„ + 0;|\(t)(7V, - 1). (19) 

They can be written in terms of the parameters entering 
the statistics in the following way: 
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(20) 
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Thus the total boundary phase is obtained as 



Using Eq. (|^) we get 
expi$„ Q 



(J,CJ /-\C7',fT -^0",(T 

-l,m+l -^m+l.^T^i "^7n,77i — 1 ' 



(24) 



We point out that the only non-vanishing phases arise 
from statistics deformation for particles having the same 
spin orientation. 

A consequence of this result is that every translational 
invariant uncorrelated DES does not affect the spectrum. 
This includes purely spin dependent DES. This can be 
seen noting that for translational invariant deformation 
parameter, i.e. Qj'^ =: Qjif^, the solvability condition 
( p!?! ) must hold without exception0. Thus we have 



-1 ^j- 



l-k 



&;^k&;^k 



= 1 



(25) 



for arbitrary j, fc, a and a' . For a ~ a' and j = k + 1 
this yields 



Ql' QT 



(26) 



which is exactly exp — i<i>cr in the r.h.s. of Eq. ( |24| ) for 
the translational invariant case. For deformations of the 
statistics which are not translational invariant, the spec- 
trum is modified even for a free gas of such particles in- 
stead. In the limit U — > 0, the phases have to be picked 
up by proper convergence of sinpj and Qa linearly in IJ jt. 
As a result, momenta differ from the undeformed val- 
ues P° = ^fc by ($1 mod 211) /L and momenta differ 
by ^i/L. The energy formula has the form 
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-2t^ X! cos(^;,: 
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(27) 



For finding the ground state, one has to find the dis- 
tribution of the distinct integers leading to minimal 
energy. This distribution depends on the filling, discrim- 
inating less than quarter filling from fillings in between 
1/4 and 1/2. Fillings beyond half filling are to be ex- 
tracted from the Bethe result exploiting the particle-hole 
symmetry of the Hubbard modeltJ. In the thermody- 
namic limit, due to the absent symmetry of the momen- 
tum distribution for the ground state, a finite contribu- 
tion of the integral over the momenta to order (1/L)° 
comes out besides finite size corrections to order (1/L)^. 
Since the energy itself is of order L, we will turn to 
energy densities, i. e. the energy per site e :— 
Defining Nmin ■= min(7V|, A^x), e^- *cr niod 27r, 
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Ecm := (.et + ei)/2, and Ae := |e| - 
for the ground state energy density e% =: Sg 

2t « „„„ 2irAr, 



ex 1/2 one obtains 
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It is seen that a contribution Unear in 1 /L can occur only 
for non- vanishing Ae. Otherwise, the effect is only visible 
in finite systems to second order in 1/L. On the other 
hand Ae = also implies that there is no phase factor in 
front of the spin part of the Bcthc equation, so that an 
application of the string hypothesis is unaffected for this 
case. 

In conclusion, we have shown how DES is connected 
to long range correlations of Schulz-Shastry type. The 
connection has been revealed realizing operators obeying 
DES through composites of fermionic operators. From 
Eqs. (18) - ( ^ ) we conclude that solvable DES produces 
modifications in the boundary condition (supporting the 
general idea of the relationship between statistics and 
topology in ID). It is important noticing that this is a 
peculiarity of solvable DES. DES which are not solvable 
affect the physics in a different (more complicated) way. 
Preliminary results indeed have shown that they modify 
the spectrum of a system with open boundary conditions. 
The characterization concerning JJae CBA solvability of 
the Schulz-Shastry type modelstll provides the condi- 
tions, which the deformation Q must fulfill in order that 
the deformed Hubbard model is CBA solvable. The re- 
sults obtained in Refs. ^,|| appear as special cases within 
the class of statistics studied here. It is worthwhile noting 
that deformation effects can be seen already for a free gas 
of such particles. Its ground state energy as a function 
of the deformation parameters is calculated up to second 
order in 1/L, and it contains also a contribution linear in 
1/L and in the asymmetry in the boundary phases Ae. 

We found that correlated deformed exchange statistics 
(with Qj'fc being a functional of rim.^j) cannot be real- 



ized in terms of fermionic operators. Work is in progress 
along this directions. 
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